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The action of a compact Lie group on nilpotent Lie 
algebras of type {n, 2} *’1'^ 

Giovanni Falcone and Agota Figula 


Abstract 

We classify finite-dimensional nilpotent Lie algebras with 2-dimensional cen¬ 
tral commutator ideals admitting a Lie group of automorphisms isomorphic to 
S02(R)- This enables one to enlarge the class of nilpotent Lie algebras of type 
{n,2}. 

1. Introduction 

The most simple (non-abelian) Lie algebras are the generalized Heisenberg Lie 
algebras, defined on a (n -|- l)-dimensional vector space 1) = H © (x) by a non¬ 
degenerate alternating form F on the n-dimensional subspace V (n even), putting 
[u,v\ = F{u,v)x, for any u,v €V. 

According to the literature beginning with Vergne [9], metabelian Lie algebras 
1} = V (B {x,y) of dimension (n + 2) defined by a pair of alternating forms Fi,F 2 
on the n-dimensional vector space V, putting, for any u,v € V, [n,u] = Fi{u,v)x + 
F 2 {u, v)y, are called nilpotent Lie algebras of type {n, 2}, where the type {pi,... ,pc} 
of a nilpotent Lie algebra 0 with descending central series = [0,0*'*”^^] is defined 
by the integers pi = dimL^. 

Nilpotent (real or complex) Lie algebras of type {n, 2} have been classified firstly 
by Gauger [5] , applying the canonical reduction of the pair Fi, F2. We mention that 
also nilpotent Lie algebras of type {n,2,l} can be explicitly described (cf. [T]). Ac¬ 
cording to results of Belitskii, Lipyanski, and Sergeichuk [3j, this line of investigation 
cannot be carried further. A possible way of broadening these families of Lie algebras 
appears therefore that of considering their derivations. 
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In this paper we want to study derivations of a nilpotent Lie algebra 1) of type 
{n, 2}, whereas derivations of a nilpotent Lie algebra of type {n, 2,1} are being con¬ 
sidered in another paper [2]. 

As a first question, we ask whether [) admits a compact Lie algebra of derivations. 
This question is interesting for the study of the isometry groups of homogeneous 
nilmanifolds. Considering an invariant inner product on 1) the compact Lie algebra 
of derivations of f) belongs to the Lie algebra of the isometry group of a simply 
connected nilmanifold associated to f) (cf. [TO], p. 337). Since a non-commutative 
simple compact Lie algebra cannot have a two-dimensional representation, a non- 
commutative simple compact Lie algebra of derivations of a nilpotent Lie algebra 1) 
of type {n, 2} must induce the null map on the two-dimensional commutator ideal 
The smallest example, that is, the 5-dimensional Lie algebra of type {3,2} defined 
by 

[ui,U2]=X, [ui,U3]=y, 

does not have compact non-commutative Lie algebras of derivations, since its deriva¬ 
tions inducing the null map on 1)' are defined with respect to the basis {ui,U2,U3,x, y} 
by the matrices 


/ a 

0 

0 

0 

0 \ 

b 

—a 

0 

0 

0 

c 

0 

—a 

0 

0 

di 

d2 

ds 

0 

0 

\ di 

ds 

de 

0 

0 / 


But its group of automorphisms contains the group 502 (l^)- 

In general the structure of a Lie algebra 1) of type {n, 2} is not particularly rigid, 
and the following example shows that, as soon as n = 4, the algebra of derivations 
contains compact simple subalgebras. 

Example 1. Let B = {tti, tt 2 , tts, r( 4 , x, y} be a basis of the 6-dimensional Lie algebra 
f) of type {4, 2} defined by 

[ni,n3]=X, [tti,U4] = -?/, [tt 2 ,tt 3 ] = 2 /, [U2,ti4]=x. 

A direct computation shows that, with respect to the basis B, the derivations of f) 
inducing the null map on [)' are represented by matrices of the form 


/ 

ai 

02 

03 

04 

0 

0 \ 


-02 

Ol 

04 

-03 

0 

0 


-b2 

C2 

-Ol 

02 

0 

0 


C2 

b2 

-02 

-Ol 

0 

0 


di 

d2 

d 3 

di 

0 

0 

V 

ds 

de 

dj 

ds 

0 

0 / 
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With ai = 0, C 2 = — 04 , 62 = 03 , and all the entries di equal to zero, we get an 
algebra isomorphic to a real form of SU 2 (C). This Lie algebra f) is isomorphic to the 
Lie algebra of the complex Heisenberg group 




1 a 7 
0 1/3 
0 0 1 


N = 


which is an interesting example of nilmanifolds. Namely, the group N is the smallest 
iL-type group. The H-type groups with two-dimensional centre are the complex 
Heisenberg groups (cf. [ 8 ], p. 3252). 

This, and the fact that any maximal compact subgroup of a connected real solvable 
Lie group is a torus, legitimates one, in our opinion, to study the action of a torus on 
nilpotent Lie algebras of type {n,2}. 

The simple structure of a nilpotent Lie algebra of type {n, 2} admitting a one¬ 
dimensional compact group T of automorphisms is hidden by three obstacles that 
can be removed by a clear notation. The first is the representation of 2h x 2k real 
matrices as h x k matrices with coefficients in the algebra of split-quaternions. The 
second is the reduction to canonical form of a pair of alternating forms. The third is 
the reduction to the T-undecomposable case. In Section 2 we summarize some known 
facts, fix the notation and find the relations m, that are basic for the classification. 
Thereafter, we consider, in Section 3, the case where T induces the identity on the 
commutator ideal. It turns out that the classification is parametrized only by the 
dimension of f) and by a complex eigenvalue q (cf. Theorem [3l). In Section 4, we 
consider the case where T operates effectively on the commutator ideal. In this case, 
the classification is more rich and we consider four cases. The classification is always 
reached by using parameters that are linked to the dimension of the eigenspaces of 
T and by a certain arbitrarity in the reduction to the echelon form of the blocks of 
the matrices describing the Lie algebra f) . But in one case (cf. Theorem [9|) , a class is 
possibly given by the real form of an arbitrary skew-symmetric complex matrix. Our 
classes give remarkable examples for nilmanifolds M such that the group of isometries 
of M contains the compact group 502(1K)- 


2. Notation 


Split-quaternions and matrix notation. We denote: 

i) by 0 any n x m (real or complex) zero matrix, by Im the (real or complex) 
m-dimensional identity matrix, and by Inxm a n x m matrix having rank m, 
obtained by the identity matrix I^n by inserting n — m zero rows (without 
specifying, however, which ones); 
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ii) 

iii) 

iv) 


by J = 


0 1 


the real matrix corresponding to the imaginary unit; 


-1 0 

by A the transpose of and by the conjugate transpose of A; 

A 0 


by the diagonal block matrix 

matrix ^ © • • • © ^. 


0 B 


, and by (©^) the diagonal block 


Throughout the paper, we represent the Clifford algebra of split-quaternions as the 
set 

]HI_ = {zi + Z 2 u: : Zi C,(jjz = zu},uP‘ = 1}. 


We recall that, through the usual identification of the complex number z = a + ib 


with the real matrix 


and of the reflection Q = 


with the split- 


a b 
—b a 

quaternion w, one obtains an isomorphism of the algebra of real 2 x 2 matrices with 
the algebra BI_ and, more generally, of the space of ]K 2 nx 2 m j^^j^trices with the space 
of matrices. 

In more details, with the identification of the split-quaternion matrix uln with 
the 2n x 2n reflection i}2n = © ■ ■ ■ © any matrix A E ]^2nx2m written 

in a unique way as ^ + A 2 ^ 2 m, where Ai and A 2 are real forms of complex 

matrices Ai = (zij), A 2 = {uij) E such that, for Ai = (zij) and A 2 = (uij), 

one has uiInAi = Ai ojlm {i = 1,2). 


Canonical form of a pair of alternating forms. The problem of the simultaneous 
reduction to canonical form of a pair of symmetric or alternating forms is classic and, 
even if the alternating case has been settled only in 1976 by R. Scharlau [7], it goes 
back to a paper of Kronecker [ 6 ]. A summary is given in [3], here we point out that an 
unordered pair of alternating complex bilinear forms can be simultaneously reduced 
to the direct sum of the canonical forms {Lt,Rt)'^ and (R, Jt{q))'^, where 



Lt and Rt are t x {t + 1) matrices mapping the t-tuple (xi,..., xt) to (xi,... ,xt,0) 
and (0, xi,... ,xt), respectively; R is the identity t x t matrix, and Jt{q) is the t x t 
Jordan block of eigenvalue q. Over the field of real numbers, together with {Lt,Rt)^ 
and {It, Jt{q))'^ {q E M), one has to consider also the real form of {R, Jt{q))'^ £ C). 

Let {ei, ... ,en,x, y} be a basis of a nilpotent Lie algebra with a central commuta¬ 
tor ideal 1^', such that {x, y} is a basis of f)'. We define the pair of alternating matrices 
(Ti = {aij),T 2 = (bij)^ by 

\ci ; Cj ] — dij X -\- bij y . 
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Manifestly, such nilpotent Lie algebras can be thoroughly described by the canonical 
forms {Lt, Rt)^, {h, {q G 1^) and the real form of {R, £ C). Notice 

that the module (Lq, Rq)^ = (( 0 ), ( 0 )) is a component of the pair {Ti,T 2 ) if and only 
if the centre of i) contains the commutator ideal properly. 

T-undecomposable nilpotent Lie algebra of type {n,2}. Let 1) be a nilpotent 
Lie algebra of type {n, 2}, that is, with a 2-dimensional commutator ideal t)' coinciding 
with the centre y Let T be a group of automorphisms of isomorphic to S 02 (M) and 
t the corresponding compact algebra of derivations of 1 }, let n = 2m if n is even, and 
n = 2m-|- 1 if n is odd, with n > 3. By the complete reducibility of T, we find a basis 
{ei ,... ,en,x, y} of 1 ), such that {x, y} is a basis of 1 )' = 3 and such that t operates on 
f) as the algebra of matrices 

|d(t) := ^ait • J © • • • 0 amt ■ jJ (B (3t ■ J\ t € m| for n = 2m, 

|9(t) := ^0 ® ait • J © • • • © amt • • J| t G m| for n = 2m + 1, 

where Rt-J is the 2x2 matrix operating on = {x, y). Notice that, up to rescaling the 
parameter t, we can assume that either /3 = 0 or /3 = 1. Moreover, up to interchanging 
the basis vector of each T-invariant plane in 1), we can assume that ai is non-negative, 
for all i = 1 ,..., m, and, up to interchanging the ordering of the planes in the basis, 
we can assume that a* < Oi+i, for alH = 1 ,..., m — 1 . 

If t) contains two proper ideals ii and i 2 which are invariant under T such that 
[U, 12 ] = 0 and iini 2 = we say that 1 ) is T -decomposable into the direct sum of ii and 
i 2 with amalgamated centre, and we restrict our interest on T-undecomposable Lie 
algebras \] of type {n,2}. Namely, if l}i and f }2 are two T-undecomposable nilpotent 
Lie algebras of type {n, 2} such that the action of the group T on the centre 31 of f)i 
and on 32 of 1)2 coincides, then the direct sum of t)i and 1)2 with amalgamated centre 
is a T-decomposable nilpotent Lie algebra of type {n,2}, and any T-decomposable 
nilpotent Lie algebra of type {n, 2} is obtained in this way. 

As above, we define the pair of alternating matrices (Ti = {aij),T 2 = by 

putting 

[e^, Cj] — OijX bijy. 

Clearly, the Lie algebra 1) is T-decomposable if and only if the matrices Ti and T 2 
can be put into the same diagonal block form and T leaves invariant the subspaces 
corresponding to the blocks. 

Writing 

|9o(i) := (oiit • J © • • • © amt ■ J^ \ t € m| , for n even 
|9o(t) := ^0 ® ait • J ® • • • ® amt ■ J^ \ t £ m| , for n odd. 
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since t operates as an algebra of derivations of t), that is, 


[e,,e,]®W = [ef\e,] + [ei,ef*)] 


for a generator of t , e. g. for t = 1, we get 

/JTs = 9o(l)'Ti+ri9o(l) 

-l3Ti = doiiyT2 + T2do{l), 

hence we find 

/^^Ti = -doiiy^T, - 25o(l)'ri5o(l) - ri9o(l)' 
I3^T2 = -doiiy^T2 - 2doiiyT2do{l) - T2do{l)^. 


We arrange the matrices Ti and T 2 into 2x2 blocks and with h,k = 1,... ,m 
(in the case where n = 2m + 1, we denote the 1x2 blocks of the hrst row with Aq^ 
and i?ofc and we put ao = 0). Then ([2|) is equivalent to 


P^hk (^hJ-^hk T (^k-^hkJ 

f^-^hk ~ (^hJl^hk T OikBjikJ 


and (13]) is equivalent to 

— i^h ‘2'O'fiO'kJ Afii^J 

■ ^hk i^h ^k)^hk T ‘2‘O-hC^kJ ^hkJ- 


Notice that, since oq = 0, the above equations still hold, with a slight abuse of 
notation, in the case where h = 0. 

Considering Ti and T 2 as split-quaternion matrices, we write A^k = zi + Z 20 J for 
suitable complex numbers z\ and Z 2 - Then the equations ([5]) give 

{oih - OLkf Zx = Zx, , . 

{ah + ak)‘^Z2 = P‘^Z2. 


Remark 2. Notice that, if h is such that, for any k with ah 7 ^ afc, all the blocks Ahk 
and Bhk are zero, then f) is T-decomposable. By the way, from equations (|3|) it follows 
that, in the case where /? 7 ^ 0 , Ahk is zero if and only if Bhk is zero. 


3. The case where j3 = 0 


This is the case where T is contained in a non-commutative compact group of auto¬ 
morphisms of 1) (see Remark [6|). 
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Theorem 3. With the above notations, let be a T-undeeomposable Lie algebra of 
type {n, 2} and let /? = 0. Then n is even and, up to a ehange of basis, the pair (Ti, T 2 ) 

is the real form of the pair of eomplex matrices , if n = 2 mod 4, or 

the real form of the pair of complex matrices , if n = 0 mod 4. The 

group T operates, with respect to the chosen basis, as the group of automorphisms 
exp( 0 (t)), where 

d{t) = t ■ ^(©aJ)^ © 0. 

Proof. From the equations dH we deduce that, if a/j = 0 7 ^ a*,, then and 
are zero. As f} is T-undecomposable, it follows from Remark [2] that ah is positive for 
any h = 1,... ,m and n is even. Write Ahk = zi + Z 20 J for suitable complex numbers 
zi and Z 2 . Then the equations ([5]) give 

{ah - akfzi = 0, 

{ah + akfz2 = 0 . 


This latter forces Z 2 = 0, that is, Ahk and Bhk are the real form of two complex 
numbers. Moreover, from the former we obtain that either Ahk and Bhk are zero, 
or ah = ak. As 1) is T-undecomposable, we exclude the hrst case, hence we have 
that d{t) = t ■ ((®a J) j © 0. Since Ti and T 2 are the real form of complex m x m 


matrices Ti and T 2 and T operates on them as the complex scalar matrix ailm, up to 

a change of basis in the m-dimensional complex space, which leaves T invariant, we 
_ / nV / nV 


can assume that (Ti,T 2 ) is either i2n+2 j (if n = 2 mod 4), or yliz, 

(if n = 0 mod 4). These are T-undecomposable over the real numbers, since the only 
T-invariant real planes are IIi = (ei, 62 ),..., Hil = (e„_i, e„). □ 


Remark 4. Up to rescaling the parameter t, we can assume a = 1 in the above 
theorem, but we prefer to leave it, because, in the case where f) is T-decomposable, 
different values of a can occur. 


Remark 5. For n = 4 and q = i, that is, (/^, J 2 i{q)) = ((1), (i)), we obtain Example 
[T]in the Introduction. 


Remark 6 . Let I be a simple compact algebra of derivations of the nilpotent Lie 
algebra 1 } of type {n, 2 }, hence it induces on the 2 -dimensional commutator subalgebra 
1)' the null map. Any element in t generates a 1-dimensional compact subalgebra of 
derivations of f), thus f) has the structure given in Theorem [3l and its algebra of 
derivations can be directly computed. 


4. The cases where ( 3^0 
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Up to rescaling the parameter t, if /3 7 ^ 0, then we can assume that (3 = 1. From 
now on, we need to distinguish the cases where the smallest coefficient ah is zero or, 
respectively, smaller, equal or greater than 1/2. The arguments are more or less the 
ones we give in the following theorem. 

Theorem 7. With the notations given in m, if (3 = 1 and if the smallest coefficient 
ah is zero, then, with respect to a suitable basis of \], the group T operates as the 
group of automorphisms exp (9(t)), where 

d{t) = t ■ (^(©0) © (© J) © (©2J) © • • • © (©/J)) © t • J (7) 


with the diagonal blocks (©f J) of dimension di x di (with di even for i > t)), and the 
T-undecomposable Lie algebra 1) is described by the pair {Ti,T 2 ), where T 2 = Ti(©J) 
and 



( 8 ) 


The blocks Wi have dimension di x dj+i and: 


i) the block Wq has, in the most general case, the echelon form 


fUo 


0 

©Ti 

0 

0 

0 

0 

0 

hs 

0 

^2s 

0 

0 

0 

ht 

0 


where Li = ( 1 , 0 ) and kl 2 s is the real form of the split-quaternion matrix ulg, 
s > 0, t > 0, and the first zero columns, as well as the blocks Li, are not 
necessarily being, 

n) for any i > 0 , the block Wi is the real form of a complex matrix Wi that can be 
reduced to the almost echelon form Wi = ( 0 |/rj (and, in particular, Wi = 1^), 
where is obtained by the complex identity matrix by possibly adding zero 
rows. 


and such that no two successive columns of Ti of indices 2j — l,2j are both zero. 

Proof. Recall that we have chosen a basis such that 0 < < Oj+i and that, by the 

equations (jl|), we get 

Ahk = 0 Bhk = 0 . 
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If the coefficient ah is zero, then the equations ([5]) become 

-^hk 

Bhk — Oik^hk: 

and we see that, if ak / 1, then Ahk = Bhk = 0 . As f) is T-undecomposable, by 
Remark [2] we find that the smallest non-zero coefficients must be equal to 1. For the 
same reason, the next possible coefficients must be equal to 2 and so on, that is, the 
derivations must be of the form given in ([7]). 

Moreover, equations ©, which with 13 = 1 become 

{ah - ak)^zi = zi, 

{ah + akfz2 = Z2, 

show that Ahk ^ 0 only if \ah — Oik\ = 1 , and that Ahk is the real form of a non-zero 
complex number, as soon as 0 < o/j = — 1. Thus Ti must be of the form given in 

([8]) and the blocks Wi are, for i > 0, the real form of complex matrices Wi. By the 
first of equations ([H), which for /3 = 1 gives 

Bhk — Olh ■ JAhk T Oik ' AhkJj 

the block of T 2 , corresponding to a/j = 0 and ak = 1, is equal to Wo{(BJ), and the 
same holds for the blocks corresponding to 0 < Oh = Ok — 1, because in these cases 
Ahk commutes with J, hence they are of the form Wi{(S)J) also for i > 0 . 

Consider a basis change block diagonal matrix of the form 

A = (Ao © Ai © • • • © A,) © I2, 

where, for i > 0 , the blocks Aj are di x di matrices that are the real form of complex 
matrices Aj, and notice that it leaves the derivations invariant, and changes the block 
Wi of Ti into the block AfIFjAj+i (and the corresponding block of T 2 , accordingly). 

In order to reduce the blocks Wi into the form given in the claim, we now perform 
the following algorithm: 

i) Starting from the last block Wi and working upward one by one, by left mul¬ 
tiplication A-IFj with a suitable matrix Aj, we can assume that the blocks Wi 
are reduced to lower echelon form, that is, such that, for h < k, the pivot of the 
h-th row is on the right of the pivot of the /c-th row. Moreover we annihilate 
the entries also below any pivot (as well as above it). For i = 0, the matrices 
Aq and IFo are not necessarily the real forms of complex matrices. For i > 0, 
on the contrary, they are. 

ii) Let i > 0. In order to reduce to zero all the row entries which are on the right of 
any pivot, we operate on the real form Wi of the complex matrix Wi by adding 
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to a given (complex) column a linear combination of the previous (complex) 
columns of Wi, that is, by the multiplication 


Wi \ 

0 I ^i+1 

-wUi J 

with a suitable matrix Xi^i which is the real form of an upper triangular com¬ 
plex matrix with any diagonal (complex) entry equal to I and this operation did 
not change the lower echelon form of Vhj+i. Notice, in fact, that the transpose 
of a lower echelon matrix is still a lower echelon matrix. Thus we can assume 
that the columns of all blocks Wi are either zero or vectors from the canonical 
basis (taken in the reverse order). 

hi) We have to distinguish the case where i = 0, because Wq is not necessarily 
the real form of a complex matrix, but Xi is such, hence the real matrix Xi 
operates on pairs of columns, with indices 2j — 1, 2j. As Wq is a lower echelon 
matrix with zeros above and below any pivot, considering the pivot of a row and 
its position with respect to the pivot of the previous row, we have the following 
three cases; 


0 1 
1 0 



0 0 
0 1 


As any row is virtually the second row of a two-rows real form of a single 
complex row, in the last two cases, the second row can be reduced to a vector 
e 2 i+i of the real canonical basis, by multiplying on the right with the real form 
Xi of an upper triangular complex matrix Xi which has the identity in any 
(complex) diagonal entry but the one corresponding to the pivot, which has to 
be 


1 

l + a2 


1 —a \ 
a 1 J 


or 



(9) 


respectively. In order to show that we can assume that also the entries below 
(1,0) are zero, we consider, for instance, the minimal case of the matrix 


' 0 

0 

1 

0 ' 

0 

1 

0 

a 

^ 1 

0 

0 

b ^ 


The following multiplications, hrst on the left 


' 1 

0 

0 ' 

-b 

1 

0 

a 

0 

1 ^ 


' 0 

0 

1 

0^ 

\ (— 

0 

1 0 

0 

1 

0 

a 

= 0 

1 

—b a 

1 

0 

0 

b ) 

' Vi 

0 

a b 
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with a real matrix, and second on the right 


0 

0 

1 

0 

0 

1 

-b 

a 

1 

0 

a 

b 


1 

0 

—a 

-b 

0 

1 

b 

—a 

0 

0 

1 

0 

0 

0 

0 

1 


0 

0 

1 

0 

0 

1 

0 

0 

1 

0 

0 

0 


with the real form of a complex matrix, show therefore that the block Li = (1,0) 
has only zero blocks on left and right, and above and below. 

We are left with the hrst case 


0 1 
1 0 


which is the case where the two rows can be seen as a row with entries in the 
algebra ]HI_ of split-quaternions, and with pivot cj. By multiplying on the right 
with the real form of an upper triangular complex matrix which has the identity 
in any (complex) diagonal entry, we reduce each non zero entry zi -|- Z 2 UJ to zi 
and, by another multiplication, we can assume that, in the row, only the most 
leftward entry zi is non-zero. Finally, we reduce it to 1 by multiplying on the 
right with the real form of an upper triangular complex matrix which has z^^ 
in the suitable (complex) diagonal entry. 

Thus, also in the case i = 0, we can assume that the columns of the block Wq 
are either zero or vectors from the canonical basis. Moreover this operation did 
not change the lower echelon form of Wi, however some row has been multiplied 
by a complex scalar at point ([9]) and in the above reduction of zi to 1. These 
rows can be reduced again to vectors of the canonical basis, by multiplying on 
the right with a suitable complex diagonal matrix, and so on with the successive 
blocks Wi- 


iv) Starting again from the last block and working upward, we change now the 
lower echelon blocks into upper echelon blocks by multiplying on the left with 
the suitable permutation matrix. We still indicate the blocks by Wk- 

v) Starting now from the first block Wq, by multiplying on the left by a real 
permutation matrix Q'q and on the right by a complex permutation matrix Qi, 
in the most general case we reduce it to the form 



©Li 

0 

0 

0 

QoWoQi = 0 

0 

hs 

0 

^2s 

V 0 

0 

0 

ht 

0 


where Q 2 s is the real form of the split-quaternion matrix ojIs, s > 0, t > 0, 
and the first zero columns, as well as the blocks Li, are not necessarily being 
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(notice that Wq cannot have zero rows). The second block is now Q[Wi and its 
(complex) columns are vectors from the canonical basis, in the order permuted 
by the multiplication by Q[. The zero rows are not necessarily at the bottom 
now, and we cannot move them to the bottom without permuting the columns 
of Wq. On the contrary, by multiplying on the right by a complex permutation 
matrix Q 2 , we can permute the columns and reduce Wi to the almost echelon 
form Wi = ( 0 |/ri)) where is obtained by the complex identity matrix by 
adding zero rows. Going down, we cannot move the rows of Q 2 W 2 without 
permuting the columns of Wi , but we can permute the columns and reduce W 2 
to the form W 2 = (Ol/^j), where is obtained by the complex identity matrix 
by adding zero rows. 

The claim follows after repeating the same argument till the last block Wi, which, 
in particular, will be reduced to the form Irf , because it cannot have zero (complex) 
columns. □ 

Theorem 8. With the notations given in m, if 13 = 1 and if the smallest coefficient 
Oh is greater than then, with respect to a suitable basis of t), the group T operates 
as the group of automorphisms exp (9(t)), where 

d(t) = t ■ ^(©oT) © (©(o © 1 )"^) © ■ ■ ■ © (©(o © 0 *^)^ © t • «/, 

with the diagonal blocks (©(a ©i — 1 )J) of dimension di x di (with di even), then the 
T-undeeomposable Lie algebra f) is deseribed by the pair {Ti,T 2 ), where T 2 = ri(©J) 
and 



ITi 




\ 

-W{ 

0 

W 2 





-W' 

0 






-^3 








0 

Wi 

V 




-W( 

0 / 


The block Wi has dimension di x dj+i and is the real form of a complex matrix Wi 
that ean be reduced to the almost echelon form Wi = ( 0 |/ri) (and, in partieular, 
Wi = ( 0 |lrj) and Wi = IrJ, where 1^ is obtained by the complex identity matrix by 
adding zero rows and such that no two successive columns of Ti of indices 2j — 1, 2j 
are both zero. 

Proof. Let the smallest coefficient ah be greater than ^ and let / o/i. By equations 
([ 6 ]), if 1 — ah / Ofc / 1 + Oh, then Ahk = Bhk = 0. Since 1) is T-undecomposable, 
we have that the closest coefficients are = 1 — or = 1 © ah. But, since 
a/i > ^, we have that 1 — ah < ah, thus ak = 1 — ah would be a contradiction to the 
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minimality of an- Therefore, in this case, the coefficients are a/i, 1 + a/i, 2 + ah, and 
so on. With the same arguments as in Theorem [71 the claim follows. In this case, 
also the first block Wi is the real form of a complex matrix Wi. □ 

The following case is, somehow, exceptional. In fact, in addition to the various 
choices of Ir, here it is possible that the real form of an arbitrary skew-symmetric 
complex matrix gives a class of T-undecomposable Lie algebras t). 

Theorem 9. With the notations given in m, if (3 = 1 and if the smallest coefficient 
Oh is equal to then, with respect to a suitable basis o/f), the group T operates as 
the group of automorphisms exp (9(f)), where 

d{t) = t ■ ((©^9) © (©^9) © • • • © (©^^^ J)) © f • J. 


If we denote by di x di (di even) the dimension of the block (©^^^J), then the T- 
undecomposable Lie algebra f) is described by the pair {Ti,T 2 ), with T 2 = Ti(©J) 
and 


where Lldi is 


/ 

Wi 




\ 

-W{ 

0 

W2 





-W' 

0 

IT3 





-W' 








0 

Wi 

V 




-W( 

0 / 


the real form of the split-quaternion matrix ojld^ and: 


( 10 ) 


i) H and Wi are the real form of the complex matrices 


H = 


Ho 

0 

0 \ 


/o 

0 

Is 

0 

0 

Ir 

, Wi = 

0 

0 

0 

0 

-Ir 

0 / 


V 0 

0 

0 


respectively, with s>0,r>0,di = 2(s + 2r), and Hq is a sx s skew-symmetric 
complex matrix. 


a) for any i > 1, the block Wi of dimension di x dj+i is the real form of a complex 
matrix Wi that can be reduced to the almost echelon form Wi = (0|/,.J (and, in 
particular, Wi = IrJ, where Ir,. is obtained by the complex identity matrix by 
adding zero rows. 


and such that no two successive columns of Ti of indices 2j — l,2j are both zero. 
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Proof, li ah = 2 ’ then the assumption = 1 — a/^ leads to a contradiction to 
Ok 0(h- Thus, also in this case, the distinct coefficients are ah, 1 + Oh, 2 + ah, and 
so on. By equations ([6]), we see, however, that, if ak = ah, then Ahk = Z 2 UJ, hence the 
di X di block corresponding to the values of ak equal to ^ is the real form of a split- 
quaternion matrix uH. Notice that, whereas the real form of H is skew-symmetric if 
and only if H is skew-Hermitian, the real form of uiH is skew-symmetric if and only 
if H is skew-symmetric. This forces Ti and T 2 to be of the form given in (1101) . 

With the same argument of Theorem [71 we reduce Wi to the almost echelon form 
(0|IrJ, and in particular Wi = and, since we can operate on the first row by 
multiplication on the left with a further matrix, we reduce Wi to the real form of 


0 


0 

0 


Wi = 


A basis change matrix of the form Xi 0 ® '' 

Pt-diH into X[Wi and X[Pld^HXi, respectively. 


I Idi transforms the blocks Wi and 


In order to leave invariant the echelon form of Wi, we have to take Xi = 
Notice now that X^fi^i^Xi is the real form of 

xIujI^HXi = coI^XiHXi. 


Is 

0 

c 

D 


If we write H = 


Ho 

Hi 

-H'l 

H2 


with Hq of dimension s x s, we see that the congru¬ 


ence X[HXi changes H 2 into D'H 2 D and Hi into {Hi + C'H 2 )D. 
Thus we can reduce, firstly, H 2 to the canonical form 


0 

Ir 

-Ir 

0 


, because H 2 

has to be non-degenerate, or Ti would have a zero (complex) row. Finally, since H 2 
is non-degenerate, we reduce Hi to zero, taking C = —HiHf^. □ 

Remark 10. In the case where d{t) = (0^f ■ J) 0 f • J, we find that (Ti,T 2 ) = 

(0/2,0T)^. 

In the following last theorem we will change the ordering of the coefficients ah 
defining the derivations d{t). 

Theorem 11. With the notations given in m, if ft = 1 and if the smallest coefficient 
ah is smaller than then, with respect to a suitable basis of\}, the group T operates, 
in the most general case, as the group of automorphisms exp(cl(f)), where d{t) = 
dift) ® d 2 {t) ®t ■ J with 


di (t) = t ■ 


1 - a)J) 0 • • • 0 (0(2 - a)J) 0 (0(1 - a 


d2{t) — t ■ ^(0q:T) 0 (0(0 0 1)T) 0 • • • 0 (0(0 0 I2 
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and the T-undecomposable Lie algebra f) is described by the pair {Ti,T 2 ), with T 2 = 
and 


/ 0 








-yu 










0 

Id 







-1^1' 

0 

QdiS 







-S'Lld, 

0 

II"l 







-W{ 

0 











\ 






-K 

0 


( 11 ) 


where the blocks Vi, Wi and S are the real form of complex matrices Vi, Wi and S that 

can be reduced to the almost echelon form Vi = (0|IrJ, Wi = (0|IsJ and S = (0|ls) 

(and, in particular, Vi^-i = ( 0 |lr,^_j) and Wi^ = In^), where Ir^. is obtained by the 

complex identity matrix Ii by adding zero rows, is the real form of the split- 

quaternion matrix , and such that no two successive columns of Ti of indices 
2 

2 j — 1 , 2 j are both zero. 

Proof. At last, let the smallest coefficient ah be smaller than thus the closest 
possible coefficients are = 1 — and = 1 + ah. The latter gives, as above, the 
coefficients ah, 1 + ah, 2 + ah, and so on. The former gives moreover the coefficients 
1 — ah, 2 — ah, and so on, and no other, since (1 — ah) — 1 is negative and 1 — (1 — ah) 
is again ah. Thus, in this case, the coefficients are 


l\ — a,... ,2 — a, 1 — a, a, 1 -t- a, 2 -\- a ,..., ^2 T 

Notice that no coefficient of the form a — ah can be equal to 6 + ah, because ah < ^. 

It follows that: 

i) \i ah = a + a and a^ = b + a, then ah + ccfc is not an integer and, by equations 
([Gj), we see that Ahk is non-zero only if |6 — a| = 1 and that Ahk is the real form 
of a complex number, 

ii) ii ah = a-\- a and ak = b — a, then \ah — ak\ is not an integer and, by equations 
(|m). we see that Ahk is non-zero only if a + b = 1 , that is ah = a and = 1 —a, 
and that Ahk is the real form of a split-quaternion u:z 2 , 

hi) ii ah = a — a and ak = b — a, then ah + ak is not an integer and, by equations 
we see that again Ahk is non-zero only if \b — a\ = 1 and that Ahk is the 
real form of a complex number. 


15 


















Thus, Ti is of the form given in (llip . With the same arguments as in Theorem [3 we 
can reduce the blocks Wj and S to the form given in the claim. □ 

Remark 12. In Theorem [TTl it can happen that d{t) = 0 {(Bat • J)) ©t • J and 


Ti = 


0 





-K-1 







0 

Vi 




-y{ 

0 






0 


or that d{t) = d 2 {t) ®t ■ J and 


Ti 


0 

Wi 



-w; 

0 









-K 

0 
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